This paper develops the Dynamic Asymmetric GARCH (or DA-GARCH) model that generalises asymmetric GARCH models such as the GJR model, making the asymmetric effect time dependent. We provide the stationarity conditions and show how GJR can be obtained as a special case of DAGARCH. An application to daily stock market indices is also presented to demonstrate the usefulness of the new model.
Introduction
The idea that positive and negative shocks have different impacts on dynamic volatility was incorporated in the GARCH model (see Engle (1982) and Bollerslev (1986) ) by Glosten, Jagannathan and Runkle (1993) (GJR), and generalised by Rabemananjara and Zakoian (1993) and Zakoian (1994) to the threshold (or TARCH) model. Several empirical studies have emphasized the relevance of the signs of the shocks on conditional volatility, but no particular attention has been given to the sizes of these shocks (for an exception, see the EGARCH model of Nelson (1991) ).
In this paper we provide a different solution, including a size effect in a special type of threshold GARCH model which generalises GJR to allow for multiple thresholds. Furthermore, we provide a second innovation by adding dynamics in the threshold structure to enforce variance persistence that is directly related to both the size and sign of shocks.
This paper develops the Dynamic Asymmetric GARCH (DAGARCH)
model. We provide the stationarity conditions of the model and an empirical example for stock market indices to demonstrate the usefulness of the new model.
Dynamic Asymmetric GARCH: DAGARCH
There is no theoretical or empirical reason to assume that the conditional distribution of asset returns is symmetric, with positive and negative shocks having the same impact on conditional variances. Furthermore, a similar assumption cannot be sustained for the size of shocks. In the class of GARCH models that deals explicitly with volatility asymmmetry, we present the Dynamic Asymmetric GARCH (DAGARCH) model which can be used to anal-yse the size and sign effects within a GARCH structure. Furthermore, the DAGARCH model enables an analysis of the persistence of the size and sign effects of shocks by adding dynamics to volatility asymmetry.
The conditional mean and conditional variance of DAGARCH(1,1) are given as follows:
We do not make any assumptions regarding the dynamic evolution of the mean. Equation (1) defines the relation between the observed series, the conditional variances σ 2 t , and the standardised residuals z t . Equation (2) refers to the dynamic evolution of the conditional variances, while equation 
then there exists a unique, strictly stationary and ergodic solution of the DAGARCH model, with the following causal expansion:
where the infinite sum converges almost surely.
Proof. Define the function Ψ (δ) = E [c (z t )] δ . Under Assumption 1, the standardised residuals have finite second moment, so that the function Ψ (δ) is at least twice differentiable. Furthermore,
Noting that Ψ ′′ (δ) > 0, since its components take only positive values, and
collapses to E {ln [c (z t )]} when δ = 0, we can verify the following:
ii) by the fact that Ψ (0) = 1, for small δ, the function Ψ (δ) must be less than 1 (given convexity and first derivative), so that there exists some Let us redefine the thresholds by using a compact formulation:
, where I (·) is the indicator function.
is an unobservable 'standardised' threshold and r * j a set defined over the d * j values, the following equalities hold:
Remark 2 Whenever the model is re-cast in the standard GARCH representation, that makes explicit the ARCH parameter, a zero identification restriction must be imposed on one of theγ j coefficients.
Remark 3 A set of sufficient conditions for the positivity of the conditional variances is the following: 
Note that the last two equations define scalars that depend on the assumptions for the standardised residual distribution and on the thresholds.
Taking expectations of both sides gives
Focusing on the expectation of the dynamic asymmetry term, we have
As γ t−1 is a function of z t−1 , given the assumption of temporal independence of the z t , it follows that
Defining E [z 2 t I j (z t )] = e j (which is obtained by direct computation, given the assumption on the distribution of the standardised residuals and knowledge of the d * j thresholds), upon substitution yelds:
We then compute the expectation of the Dynamic Asymmetry effect, which is given by
Then, unconditionally E [γ t ] = E γ t−j and, using E [I j (z t )] = m j (that is, the probability of occurrence of each interval), gives
which can be solved as 
Collecting all terms gives
where the thresholds are self-exciting as
Claim 2 The unconditional variance implied by DAGARCH is given bȳ
Proof. This follows from the stationarity condition and the SETARMA representation.
In the following, for practical purposes, we will label the model as DA-GARCH(q,m,d) where q represents the GARCH order (while the ARCH order is constrained to be 1), m is the number of asymmetric constant terms, and d is the number of asymmetric dynamic coefficients (which can be assumed constant over the thresholds, leading to d ≤ m). It is noted that DAGARCH(1,2,0) with the threshold set to zero is simply GJR.
Feasible estimation of DAGARCH
In the GJR model, the thresholds are stable over time as they are derived under the assumption of a symmetric distribution. In this case, we have
and given a symmetric z t density function, we can write
which is then used to derive the standard GJR stationarity restriction. Furthermore, the same derivation can be recast using ε 
Dynamic asymmetry in daily stock indices
This section provides an empirical analysis of the variance asymmetry of stock market indices. We consider the following daily indices: Dow Jones industrials (DJ), Nikkei 225 (NK), Eurostoxx 50 (EX) and FTSE 100. Table 1 reports the sample period, the number of observations (obs.) and the sample moments of the logarithmic returns. The means and standard deviations (SD) of all four series are similar; the skewness of DJ is similar to that of FTSE, and that of EX is similar to NK; and the kurtosis of FTSE is similar to that of NK.
[Insert Table 1 here] Using these logarithmic returns series, we estimated several specifications of the DAGARCH model and compared them with the standard GARCH (1, 1) and GJR(1,1) models. In particular, we considered GARCH, GJR (labelled DAGARCH (1,2,0) ), GJR with common or specific dynamic asymmetry (DA-GARCH (1,2,1) and DAGARCH(1,2,2) , respectively), and two DAGARCH models with three thresholds (DAGARCH(1,4,0) and DAGARCH(1,4,1) ).
The DAGARCH(1,4,4) model was also considered but is not reported here as the dynamics appeared to be stable over the different thresholds.
The following tables report the various estimated models for the indices given in Table 1 . Not all the estimated models are reported. In some cases, DAGARCH with three thesholds is preferred to the GJR representation, while in other cases the generalisation of the GJR with asymmetric dynamic is the preferred model. Figure 1 
